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Non-Relativistic Self-Consistent-Field Theory. I.* 
By 

SERAFL~ FRAGX 

A reformulation of the general self-consistent-field formalism is presented. 

Es wird eine Umformulierung des allgemeinen ,,se]f-consistent-field"-Formalismus an- 
gegeben. 

Le formalisme de la m6thode du champ <<auto-coh6rent>) est reformul6. 

Introduction 
Since the original formulation [3] of the self-consistent-field (SCF) formalism 

most of the efforts on this subject have been directed towards the development 
of new mathematical  methods. General SCF formulations exist now for all elec- 
tronic systems, in ]owest [1] or excited [2J states, with any electronic configuration. 

Unfortunately, all these formulations need the evaluation of intere]ectronic 
repulsion integrals which can, in general, be difficult to evaluate and, in any case, 
are t ime consuming. I t  is the purpose of this series of papers to develop a new, 
exact SCF formulation which obviates the need of evaluating such integra]s. 

The work presented in these papers consists of four main parts. First the gene- 
ral SCF formalism is reformulated, omitting the orthogonality constraints, in 
order to obtain a simpler matrix formulation. Using this reformulated SCF method 
the condition to be satisfied by  SCF orbitals which minimize the orbital energies 
is then investigated. I t  is seen tha t  the SCF orbitals cannot minimize the orbital 
energies, but  this condition is then used to provide a link with the Thomas-Fermi 
approximation. Furthermore this condition can then be generalized, leading to 
the introduction of a single convergence parameter  and to the development of 
a new SCF scheme, requiring only the evaluation of kinetic and nuclear attraction 
integrals. Finally, numerical results are presented for atomic systems and the 
practical method for the calcu]ations outlined. 

Mathematical Formulation 
The general SCF procedure for lowest states can be summarized as follows**. 

The expression for the total  electronic energy is determined (for orthonormal 
orbitals) by proper averaging over all the degenerate wave functions corresponding 
to the state under consideration, using a non-relativistic, time- and spin-inde- 
pendent Itamiltonian. The energy variation corresponding to an infinitesimal 
variation of the occupied orbitals of each symmetry  designation (species and sub- 
species) is determined. Coupled with the adequate orthonormality conditions it 

* This work has been supported in part by the National Research Council of Canada. 
** Only the general outline will be presented here. For more details, see Ref. [1]. 
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leads to sets of SCF equations, one set for each symmetry designation. A general 
coupling operator reduces each set to a single SCF pseudo-eigenvalue equation; 
e. g., for symmetry designation ~ cr 

with 
R ~ = }~ r~ ~ , 

r i~ ~, ~ _ ~> ~ ~ 

Jm ~rn(k )  / ' 

J ~  and K ~  are the typical Coulomb and exchange operators of the first kind, 
- ~ " ~  and b ~  "~ are constants of the and H is the one-electron operator; /~, ~m , 

problem under consideration. 
These equations are solved by the usual procedure of trial and error (e. g., 

within the framework of the expansion method). The solution of all the SCF 
pseudo-eigenvalue equations is carried out simultaneously until self-consistency 
has been reached. 

The preceding formulation can be simplified if only the normalization conditions 

are imposed as constraints. For independent, infinitesimal variations of the 
orbitals of any symmetry designation, e. g., A~, one obtains proceeding in the 
standard fashion, the SCF equations 

~ = 0~ , (3) 

one for each occupied orbital of symmetry designation 2~. Similar equations are 
obtained for all other symmetry designations. In these equations the operators 
F~ ~ are defined as above. 

Defining a coupling operator for symmetry designation X~ by 

with the summation extending over all the occupied orbitals of symmetry designa- 
tion A~, one can write 

which is equivalent, but  not identical, to Eq. (3). These two formulations are 
equivalent in the sense that  

< ~ [ ~~  1~ ~ > = < ~? I ~ I~? > = 0~ ,  (~) 
under the condition that  orthonormal orbitals will be used at all times. This condi- 
tion must be imposed only at the beginning of the calculations, because if in any 
successive iteration the vectors obtained in the preceding iteration are used, 
being eigenfunetions of the same eigenvalue equation, they will be automatically 
orthogonal. The orthogonality constraints are really imposed when the coupling 
operator is defined. 
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I t  mus t  be po in ted  out  t h a t  a t  self-consis tency the  solutions will be eigenfunc- 
t ions of bo th  G A~ and RA~; a t  self-consistency only  the  centra l  t e rm  of  RA~ 
subsists*.  

E x p e n d i n g  the  ind iv idua l  orbi ta ls  in t e rms  of a set of basis funct ions  Zp, i. e., 

= ) 2  = , 

where X x~ is a row vector  and  c~ is a column vector,  Eq.  (4) can then  be wr i t t en  
a s  

G ~  CA = SA~ CA 0z~ , 

where e A is the  m a t r i x  formed by  the  column vectors  c~ and  0 x~ is a d iagona l  
m a t r i x  wi th  e lements  0~'~. The e lements  of the  matr ices  6~ A~ and  S ~ are defined b y  

= < z;  I > 
The m a t r i x  G A~ will only  be diagonal ized b y  those vectors  which also diagona-  

lize the  m a t r i x  RA% cons t ruc ted  f rom the  same basis funct ions.  Le t  us assume t h a t  
RA~ and  G A~ have  been cons t ruc ted  using a cer ta in  se~ of vectors  e~ (obta ined  
in a preceding i terat ion) ,  and  t h a t  these same vectors  are used in a new t r ia l  to  
diagonal ize  bo th  matr ices .  I n  such condi t ions only  the  centra l  t e rm  of Ra~ will 
subsist .  Bu t  this  t e rm  is ident ica l  to G A~, and  therefore  i f  G A~ is d iagonal ized so 
will be RA~ : t h a t  is, self-consis tency has  been reached.  

* The author is indebged to T. W. DINGLE for pointing oug this condition. 
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